Abstract. The singing bowl is used not only for the instrument of Buddhism but also for musical therapy. This work aims to investigate the correlation of vibration modes and percussion sound for singing bowls. A typical singing bowl is first selected to perform finite element analysis (FEA) for theoretical modal analysis (TMA) as well as experimental modal analysis (EMA). Modal parameters of singing bowl, including natural frequencies and mode shapes, can be obtained from analysis and experiment, respectively. Singing bowl FE model can then be updated and verified by adjusting material properties and used to predict structural vibration modes. The percussion sound of singing bowl is also measured to obtain its sound spectrum. The peak frequency response of singing bowl sound can be interpreted and contributed from circular vibration modes of the bowl. With the knowledge of sound generation mechanism for the singing bowl, this work also studies the percussion sound characteristics of seven different sizes of singing bowls. Results show the fundamental frequency and overtone frequencies of singing bowl percussion sound are higher for the smaller size. Interestingly, that the peak resonant frequencies have near the integer ratio relationship makes the singing bowl revealing harmony sound effects. The radiated sound spectrum can be well calibrated and predicted for different sizes of singing bowls. This work shows the analytical and experimental approaches in studying the singing bowl percussion sound that strongly correlated to structural vibration modes and can be adopted for future development of singing bowls.
Introduction
Singing bowls also known as Tibetan singing bowls from Himalayan can produce harmony sound. Singing bowls are not only used for the instrument of Buddhism but also for musical therapy. This work aims to investigate the vibration characteristics of a singing bowl by finite element analysis (FEA) and experimental modal analysis (EMA).
Wang et al. [1] presented structural and vibro-acoustic analysis on the harmonic sound plate made by steel which vibration modes and acoustic sound pressure modes can be identified and related to the percussion sound. Wang et al. [2] further explored the possibility of using glass material to manufacture the harmonic glass plate (HGP). With the use of FEA for design aid and EMA for the verification, the design of HGP can be achieved from the steel to the glass. The numerical analysis and experimental techniques are crucial for obtaining structural vibration modes as well as sound characteristics.
Bells are similar to singing bowls and have drawn much attention in scientific study. Pan [3] examined the ancient Chinese musical bell which is the almond-shape cross section rather than circular bell. The almond-shape bell can produce two-tone effect for structural vibration mode properties. Lee et al. [4] investigated the correlation between percussion sound and vibration modes of Korean bell. With the aid of FEA, they analysed bell's vibration mode shapes and predicted the percussion sound. The optimum percussion location can be designed to obtain the lasting longer sound. McLachlan et al. [5] adopted FEA to design the bell that can generate harmonic sound. The geometry of bell was optimized to obtain the special sound quality of bell. McLachlan [6] indicated the major parameters affecting the bell's percussion sound are the thickness, height, radius, and curvature shape and cone angle of bell. Fletcher et al. [7] measured the sound spectrum for different bells applied with different levels of impact forces. The percussion sound responses are shown with different decay effects.
Different musical instruments with different sound generation mechanisms are of interest. Myers et al. [8] showed the sound generation mechanism for brass instrument. Different geometry variation and effects on radiated sound frequencies were investigated. For guitars, other than the string vibration the radiated sound is amplified through the resonance body with sound hole. Ezcurra [9] applied FEA to calibrate the material properties of sound board and examined vibration mode shapes of sound board to observe the generated sound spectrum. Boullosa [10] conducted sound and vibration measurement on several guitars to compare the radiated sound characteristics.
Wang et al. [11] presented correlation study on a singing bowl between vibration modes and percussion sound spectrum. The ring vibration modes can be known dominating the percussion sound response, and different striking methods may result in a slight different sound effect. This work aims to study a series of seven singing bowls from the large size to small ones. Theoretical modal analysis (TMA) on a typical singing bowl is first performed by FEA. EMA on the singing bowl is also carried out to verify vibration modes, including natural frequencies and mode shapes. The percussion sound spectrum can then be measured and interpreted by vibration modes of the singing bowl. Finally, the sound spectrums for the seven different sizes of singing bowls are studied to calibrate the differences, such as the fundamental frequency and overtone frequencies. Fig. 1 shows the typical singing bowl A with the height of 128mm and the radius of 260mm. Both FEA and EMA will be performed, respectively, on the singing bowl A to obtain its natural frequencies and corresponding mode shapes. Fig. 2 shows the procedure for model verification (MV). The purpose of MV is to calibrate the finite element (FE) model of singing bowl that can be equivalent to the real structure. The first step in MV is to perform FEA on the singing bowl. The FE model for the singing bowl as shown in Fig. 1(b) is built and performed TMA to numerically obtain structural modal parameters, including natural frequencies and mode shapes. The singing bowl FE model is constructed by 8-node brick elements, SOLID187 in ANSYS. The singing bowl is made of copper alloy, which material properties are density 4802.6 kg/m 3 , Young's modulus 39.37 GPa and Poisson ratio 0.3. The material properties are calibrated after MV. Table 1 shows the convergence analysis of singing bowl FE models. Model (D) with 26,348 elements and 53,226 nodes is adequate for reasonable and accurate analysis in comparison of errors of natural frequencies between Models (D) and (C), within 0.2% up to 2000 Hz. The second step is to perform EMA on the real singing bowl. In order to obtain real structure's modal parameter, we use the impact hammer to excite the singing bowl in free boundary condition and the accelerometer to pick up the vibration response. Fig. 3(a) shows the experimental setup for performing EMA on the singing bowl, while Fig. 3(b) reveals the 24 measurement points on the ring surface of singing bowl. The accelerometer is fixed at Point 1 to avoid possible nodal points of vibration modes, and the impact hammer is applied to excite the singing bowl at the 24 grid points. The structural frequency response functions (FRFs), H ai,fj (f) or simply H ij (f), between the acceleration at the i-th location and the impact force at the j-th location can be measured. The 24 sets of FRFs can be imported to the curve-fitting software ME'scopeVES to determine experimental modal parameters, including natural frequencies, mode shapes and modal damping ratios.
Analyses and verification of singing bowl vibration modes
The third step of MV is to compare the obtained modal parameters from FEA and EMA, respectively. The important concept is that if the FE model can be equivalent to the real structure of singing bowl, the numerically obtained and experimentally determined modal parameters should be consistent with each other. Table 2 summarizes the comparison of natural frequencies obtained from FEA and EMA, respectively. One can observe the axisymmetric modes from FEA, such as modes F-07 and F-08, because of the circular shape of singing bowl. The natural frequencies of two axisymmetric modes are the same from FEA; however, only one mode is obtained from EMA for mode O-01. For modes such as F-11 and F-12, the corresponding experimentally extracted modes are O-03 and O-04, which natural frequencies are not exactly the same. This can be explained that the singing bowl is not in a perfect axisymmetric shape.
For those modes that can be put aside for comparison, the physical meanings of mode shapes should be the same. Table 2 also shows the error percentage of natural frequencies between FEA and EMA. The root mean square (RMS) error for all comparable modes is 4.27%. Only the natural frequency error of the first mode is 7.43%, and other modes are within 5%. This indicates the equivalency of FE model to the real structure of singing bowl.
As one can see in Table 2 , the modes can be categorized into two types of modes, including the (z, θ ) modes and (r, θ ) modes. Those modes are in a reasonable sequence from lower order of modes to higher order, such as (z,θ )=(1,2), (z,θ )=(1,3), and etc. Table 3 shows the theoretical and experimental mode shapes for (z, θ ) modes. One can observe both the (z, θ ) mode shapes from FEA and EMA agree reasonably to each other.
The (z,θ ) modes of singing bowl are the ring modes that only the upper ring surfaces will vibrate. For the (z, θ ) mode, z is for the vertical direction always with one partition, i.e. z=1, and θ is for the partition number in the circumferential direction. Table 4 shows theoretical mode shapes for the (r, θ ) modes that are the local mode effects due to the bottom surfaces of singing bowl. That the (r, θ ) modes are not experimentally measured is the cause of measuring points only on the ring surface as shown in Fig. 3(b) . The physical meaning of (r, θ ) modes can be characterized for the bottom surface of singing bowl where r is for the radial direction, and θ is for the circumferential direction. It is noted that there is no axisymmetric mode for (r,θ )=(r,0) as shown in Table  2 .
Next section will demonstrate that the percussion sound of singing bowl is dominated by the ring modes, i.e. the (z,θ ) modes, and the (r, θ ) modes related to the bottom surface vibration of singing bowl do not contribute to the sound radiation, because the singing bowl is generally struck at the ring surface.
(a) Instrumentation setup (b) Grip points for EMA Fig. 3 . Experimental setup for EMA on the singing bowl. Section 2 shows the theoretical analysis of vibration modes and experimental verification of FE model for the singing bowl. The structural mode shapes have been physically interpreted for all modes that include the (z,θ ) modes and (r, θ ) modes. The interest is to know how the vibration modes affect the percussion sound of singing bowl.
The microphone is positioned near the singing bowl away from the edge about 20cm as shown in Fig. 3(a) . The singing bowl is stuck by the soft tip stick at the top of ring surface. The time response of sound pressure is measured and performed spectral analysis to obtain the percussion sound spectrum. Fig. 4 shows the sound spectrum of singing bowl A. On the top of sound spectrum for each peak resonance, the corresponding mode shapes from FEA and EMA are depicted as shown. One can observe that those peak resonances are related to the ring modes, i.e. the (z, θ ) modes, and there is no (r,θ ) modes in sound spectrum. This is the cause that the (r, θ ) modes are not excited for striking on the ring surface.
Since the percussion stick is with a soft tip, the lower modes of vibration can be induced mostly. The sound responses at lower modes are higher, and the sound pressure level become descending at higher modes. The first peak resonance frequency about 118.4Hz can be identified as the fundamental frequency and the rest peak resonance frequencies are the overtones that affect the perceived sound quality. These singing bowls are designed as a set of bowls. The largest one is Number 1 with the radius of 358mm and the height of 148mm. The interest is how these different sizes of singing bowls sound with the same strike excitation. As we realize the sound generation mechanism for the singing bowl A that is similar to those singing bowls in Fig. 5 in term of geometry characteristics. Therefore, we can examine the sound spectrum and evaluate the sound quality of these singing bowls. The percussion sound measurement is preceded as discussed in Section 3. Sound spectrum for all singing bowls can be obtained and shown in Fig. 6 . One can observe that the sound spectrums among these singing bowls are similar to each other; however, the peak response frequencies are different. As discussed, those peak resonance responses come from the structural vibration modes and will reveal the different perceived sound quality. Table 5 summarizes the peak resonance frequencies from Fig. 6 for singing bowl A and Number 1 to 7. The first peak resonance frequency can be the (z, θ )=(1,2) mode and known as the fundamental frequency. The higher modes may also contribute to the radiated sound and known as the overtone frequencies. The frequency ratios in Table 4 are obtained by taking the overtone frequencies divided by the fundamental frequency. It is interesting to note that the frequency ratios for all singing bowls appear the values near integer ratios, especially 3 and 6 mostly. The harmonic sound effect is evident, and this is why the perceived sound quality for these singing bowls is felt harmony. By examining the fundamental frequencies of the seven singing bowls from 1 to 7, Table 6 summarizes the fundamental frequencies of these singing bowls and compares the fundamental frequencies with musical note's standard frequencies. It is noted that C2-B2 are followed the scientific notation system for musical notes Do-Si. Note that the frequency differences are within 2 to 3 Hz, and the frequency error is about 2-3%. The set of seven singing bowls is intended for the design to produce musical notes from C, D up to B that is an octave of musical notes, i.e. Do, Re up to Si.
Percussion sound characteristics for different singing bowls

Conclusions
This work conducts theoretical analysis and experimental approach in examining the percussion sound characteristics of a set of singing bowls. A typical singing bowl is first studied to numerically and experimentally determine structural modal parameters. Base on the comparison of natural frequencies and corresponding mode shapes, the FE model of singing bowl can be validated and used to assist on characterize the vibration mode characteristics of singing bowls. The ring modes of singing bowl are the most dominated modes for percussion sound radiation. The local modes at the bottom side of singing bowl can also be identified and do not attribute to generate the percussion sound. The set of seven singing bowls is calibrated to have the fundamental frequencies from C to B of an octave of musical notes. In particular, the harmonic sound effect with the integer frequency ratios of near 3 and 6 is found and revealed a good perceived sound quality.
